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Abstract The article presents models of a photoacoustic Helmholtz resonator in
which the duct is ended with conical profiles. The analytical descriptions led to poor
results, and a partly numerical model was presented, in which cone sections of the duct
were stepped-approximated by dividing them into a number of short segments with
different diameters. The accuracy of the model was compared to the best models of
a photoacoustic Helmholtz cell with a constant diameter duct. The proposed stepped-
approximation can be used as well for modeling photoacoustic Helmholtz resonators
with other profiles of the duct.
Keywords Conical duct model · Helmholtz resonator · Influence of the duct shape ·
Stepped model
1 Introduction
Helmholtz resonators are used in many applications, e.g., for noise reduction [1,2],
acoustic attenuation [3], etc. A very important advantage of the Helmholtz resonator is
its relatively small size. Such a resonator with a size of just a few centimeters can have a
relatively low resonance frequency of about 100 Hz to 200 Hz [4,5]. Obtaining similar
effects with a resonator with longitudinal resonance would require a length in the range
of tens of centimeters. Helmholtz resonators are commonly used in photoacoustics
[6–8]. The photoacoustic signal is inversely proportional to the excitation frequency
and volume of the resonator [9], and keeping both—the cell volume and resonance
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Fig. 1 Example of a Helmholtz resonator used in photoacoustic experiments
Fig. 2 Modified structure of the photoacoustic Helmholtz cell, with cone profiles at the ends of the duct
frequency low, may be quite difficult with longitudinal resonance cells, while with the
Helmholtz structure, it is relatively easy.
2 Modified Helmholtz Resonator
A photoacoustic Helmholtz cell consists usually of two cavities connected with a
duct. Typically in one of the cavities a measured sample is placed, while in the second,
a microphone is located (Fig. 1). A major drawback of Helmholtz resonators used
in photoacoustic applications is concerned with their relatively low quality factors.
Practically, achievable Q-factor values range from a few to about 25 [10,11]. Taking
into consideration that noticeable losses (resulting in a lower Q-factor) can occur at
the duct-cavity boundaries, one of the attempts to develop a Helmholtz resonator with
a higher quality factor led to a cell design with cone profiles at the ends of the duct
(Fig. 2) [12].
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(a) (b)
Fig. 3 Simple photoacoustic Helmholtz cell models with (a) lumped elements and (b) transmission line
Fig. 4 Simple model of the photoacoustic Helmholtz cell with conical-ended duct
3 Model of the Helmholtz Resonator with Conical-Ended Duct
Previously existing models of photoacoustic Helmholtz resonators allowed for model-
ing cells with ducts of constant diameters only [11,13–15]. Such models were usually
based on acousto-electrical analogies with either lumped elements (Fig. 3a) or a trans-
mission line (Fig. 3b).
In both cases, the behavior of the cavity volumes V1 and V2 is modeled by capac-
itances (C1 and C2, respectively), while the behavior of the duct is described in two
different ways. In the model with lumped elements, the duct is represented by a
series connection of resistance R and inductance L , while in the transmission line
model, the duct is considered as a transmission line. Furthermore, the mentioned
components (capacitors, inductors, resistors, transmission line) may be defined in
many different ways [11,13–23]. In order to limit the number of model variants, some
preliminary experimental verification of the models was performed [24], leading to the
conclusion that the best results are obtained with the transmission line model and the
model with lumped elements presented by Kastle and Sigrist [15]. Hence, in further
analysis, only these two model variants were used. In order to include the influence
of the conical duct ends in the model of the modified Helmholtz cell, the duct was
considered as consisting of three sections: constant diameter duct section in the middle
and two cone sections at both sides. Use of the other components (i.e., capacitances
C1, C2, and the current source J), as in the previous models, resulted in a structure
shown in Fig. 4.
In the presented structure, the section of the duct with a uniform diameter can
be modeled as previously shown, as a connection of the resistance and inductance
or as a transmission line. The new elements which have to be defined are the two
conical sections. In the acoustical literature models of such conical ducts have been
widely used. The descriptions which can be relatively easily converted into four-
terminal networks were given by Fletcher and Thwaites [25] and by Mapes-Riordan
[23]. Unfortunately, use of these definitions combined with the mentioned lumped or
transmission line duct model of the middle section gives unsatisfactory results [24].
For example, measurements of two cells, one of which had a slightly modified duct
(short cone section with low values of the alpha angle) and the other with a constant
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Fig. 5 Approximation of the cone section with number of short constant diameter segments
(a)
(b)
Fig. 6 Stepped model of a cone section with (a) lumped elements and (b) transmission lines converted into
T-sections
duct diameter (no cone sections), gave nearly identical quality factors and resonance
frequencies. Modeling of these cells predicted large differences of these values.
Due to poor results of the analytical model described above, a partly numeric
approach was applied. In this approach, the cone sections of the duct were stepped-
approximated by dividing the cone profiles into a number of short segments with
different diameters (Fig. 5). Similar approximations are used quite often in numerical
methods (e.g., for numerical calculations of integrals by the trapezoidal method). With
a sufficiently large number of sections, the resulting shape is very close to the cone
profile. In the same manner, nearly any other profile of the duct (e.g., exponential
horn) can be approximated [26–28].
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(a) (b)
Fig. 7 Influence of the section length on (a) Q-factor and (b) resonance frequency, for the model with
lumped elements and model with transmission line
As a result of the above approach, the cone sections of the duct can be modeled
by a serial connection of sections containing lumped elements (Fig. 6a) or trans-
mission lines (Fig. 6b), depending on the model used for the constant diameter duct
segments.
For the purpose of further analysis, the length of a single segment was set to 0.11 mm
for the model with lumped element segments and to 0.16 mm for the model with trans-
mission line segments. The above values were obtained from preliminary numerical
tests, in which the impact of various lengths of the segments on the resonance fre-
quency and Q-factor was checked [10]. Model calculations were performed for the
cells in which the sample and the microphone cavities had volumes of 2 cm3, the total
duct length was 10 mm, and the duct diameter was 1 mm. The cone sections angle
ranged from 1◦ to 75◦, and the cone length from 0.2 mm to 4.8 mm. The results were
compared with a reference model in which the segments were 2 µm long. Deviations
from such a reference model are shown in Fig. 7. With the segments for which the
length was set to 0.11 mm and 0.16 mm as already mentioned, the resonance frequency
deviations from the reference model were less than 1 Hz.
4 Experimental Verification
In order to verify the accuracy of the models, a number of photoacoustic Helmholtz
cells were assembled. To provide a high level of the photoacoustic signal, the bottom
of the sample cavity was filled with a thin layer of the graphite powder. For the same
reason, a 1 W LED diode was used as the light source. The frequency response of the
cell was obtained by measuring the output amplitudes point-by-point at different mod-
ulation frequencies [29]. From each measurement, two parameters were extracted, i.e.,
the resonance frequency and quality factor. Variation in parameters between measure-
ments was less than 8 %. Those values were compared with the data obtained from the
developed models. The investigations covered the behavior of the models when chang-
ing the length of the cone sections with the cone angle fixed at 33◦ (Fig. 9) and when
changing the cone angle with the length of the cone sections fixed at 3 mm (Fig. 8). In
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(a) (b)
Fig. 8 Influence of the cone section length on the Q-factor and resonance frequency of the photoacoustic
Helmholtz cell (cone angle fixed at 33◦, sample cavity volume of 3 cm3, microphone cavity volume of
2 cm3, total duct length of 10 mm, and duct diameter of 1 mm)
(a) (b)
Fig. 9 Influence of the angle of the cone section on the Q-factor and resonance frequency of the photoa-
coustic Helmholtz cell (both cone sections 3 mm long, sample cavity volume of 3 cm3, microphone cavity
volume of 2 cm3, total duct length of 10 mm, and duct diameter of 1 mm)
all cases, the total length of the duct was 10 mm, the microphone cavity volume was
2 cm3, the sample cavity volume was 3 cm3, and the duct diameter was 1 mm.
In the case of photoacoustic Helmholtz cells, research usually reports significant
errors of modeling [24,30]. Hence, it can be easily noticed from Figs. 8 and 9
that errors in determination of the quality factor of both models are at the level of
tens of percent and still the models can be considered as quite accurate. Errors of
modeling of standard photoacoustic Helmholtz cells (with a duct of constant diam-
eter) are at a similar level, and must have been transferred to the newly devel-
oped model. Minor irregularities of the measured data, e.g., values for the angle
of 12◦ in Fig. 9 result from a non-ideal cone profile of the measured cell. A simi-
lar problem was observed at the angle of 52◦. Appropriate assembling of the cone
profile is very important, slight deviations from the designed dimensions result
in significant changes in the resonance frequency and Q-factor values. It is also
clearly visible that the presented models correctly follow the trends of experimental
data.
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As a result, although both models may require some improvements in order to
increase their accuracy, they should be considered as useful for the preliminary esti-
mation of the behavior of the photoacoustic Helmholtz cells with duct profiles with
conical ends. The same approach can be probably successfully used also for other duct
profiles with a variable diameter.
5 Conclusions
The presented partially numerical model, in which cone sections were approximated
with a number of short constant diameter duct segments, allows one to obtain satis-
factory results. The level of the errors introduced by such a model is comparable to
the error levels of the best models of a photoacoustic Helmholtz cell with a constant
diameter of the duct. The use of lumped components and transmission lines for mod-
eling the cone segments resulted in a similar overall accuracy. Although this paper
discussed a model which was used for a photoacoustic Helmholtz resonator with a
conical-ended duct, a similar approach can be used for modeling Helmholtz resonators
with other duct profiles.
Open Access This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original author(s) and
the source are credited.
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